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INTRINSIC ERGODICITY OF OPEN DYNAMICAL SYSTEMS FOR 

THE DOUBLING MAP. 

RAFAEL ALCARAZ BARRERA 


Abstract. We give sufficient conditions for intervals (a, b) such that the associated open 
dynamical system for the doubling map is intrinsically ergodic. We also show that the 
set of parameters {a,b) € (|, \) x (i, |) such that the attractor f{a,b)) is intrins¬ 

ically ergodic has full Lebesgue measure and we construct a set of points where intrinsic 
ergodicity does not hold. This paper continues the work started in [3]. 


1. Introduction and Summary 

Since their introduction by Pianigianni and Yorke in 1979 |39], the study of open dynamical 
systems (colloquially, maps with holes) has become very active in recent years -see e.g. 
P [13 [1311251 ESI 132] among others. Let us remind the reader the general setting. Given a 
discrete dynamical system (X, /), where X is a compact metric space and / : X —X is 
a continuous and surjective transformation with positive topological entropy, and an open 
set U C X, we dehne the survivor set corresponding to U as 

= {x E X ■. f"'{x) ^ U for every n G U} . 

Since Xu is a forward invariant set, it is possible to consider the dynamical system {Xu, fu) 
where fu = f\u and {Xu,fu) is called the open dynamical system corresponding to U. 

There are some interesting questions regarding the topological dynamics of {Xu, fu) as 
well as the ergodic properties of the invariant measures supported on Xu- In particular, 
it is an intriguing question to determine when an open dynamical system {Xu, fu) is 
intrinsically ergodic, which is a central problem relating ergodic theory and topological 
dynamics [TO] . 

The purpose of this paper is to study intrinsic ergodicity for some families of open 
dynamical systems corresponding to the doubling map 2x mod 1. Understanding the 
dynamical properties of open dynamical systems of the doubling map as well as studying 
the hne properties X(^a,h) has awaken interest recently - see [HI [IS] [331 [32] among others. We 
are interested in understand the following three situations; hrstly we want to understand 
intrinsic ergodicity for holes (a, h) C when 6 = 1 or a = 0, secondly when a = | or 
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6=1 and finally we want to determine when the dynamical system given by (A(a^b), f{a,b)) 
where A(^a,b) = ^{ab) [26— 1,2a] is intrinsically ergodic whenever (a, 6) is a centred hole 

i.e 1 G (a, 6) and A(^a,b) has positive Hansdorff dimension. This qnestion was posed by 
Sidorov in [H]. Onr strategy is to answer it is to nse the symbolic properties of the binary 
expansions of the bonndary points of the interval as snggested in |H] as well as tools from 
symbolic dynamics. 

The structure of the paper is as follows: In Section |2] we mention all the tools from 
symbolic dynamics and ergodic theory used during the paper. In Section [3] we give a brief 
exposition of research previously undertaken on the intrinsic ergodicity of families open 
dynamical systems of the doubling map. In particular we explain why the results obtained 
by Bundfuss et. al [8], Nilsson [M], Climenhaga and Thompson [10] will imply the intrinsic 
ergodicity of open dynamical systems corresponding to holes of the form (0, 6) and (a, 1) 
whenever 6 < 1 or a > 1. Also, we show that {A(^a,b}, f(a,b)) is intrinsically ergodic when 
a < 1 and (a, 6) = (a, 1). 

In Section 0] we show our main theorem: 

Theorem 14.11 The set 

Di = {(a, 6) e Di : {A(^a,b), f(a,b)) is intrinsically ergodic } 
has full Lebesgue measure, where 

Di = I (a, 6) G X (^’i) • dimH(X(a,fe)) > o|. 

The main idea to prove Theorem 14.11 is to describe the topological entropy of the trans¬ 
itive components of where is the lexicographic subshift as¬ 

sociated to {A(^a,b), f(a,b)) ” See [31 Corollary 3.21]- in order to show the uniqueness of the 
measure of maximal entropy of {A(^a,b), f(a,b)) ■ To the best of the knowledge of the au¬ 
thor, the notion of transitive component for an open dynamical system was introduced 
by Bundfuss, et.al. in [Sj. Also, we use the connection between open dynamical systems 
for the doubling map and Lorenz maps established in [3], the entropy formula introduced 
by Glendinning and Hall in [15] and a suitable division of Di given by n-renormalisation 
boxes - see Dehnitions 14.31 and 14. 161 to describe such measure for every (a, 6) G Di. Renor¬ 
malisation boxes are constructed via essential pair i.e. parameters (a,/9)corresponding to 
transitive subshifts of hnite type and substitution systems depending on balanced words 
associated to the elements of Q fl (0,1) - see Section [2l Using substitution systems is a 
similar approach to the one used by Glendinning and Sidorov in [TB] to describe the set 
Dv 

We also mention that there exists a countable family of non transitive attractors due to 
Hofbauer [23] and Glendinning and Hall [T3] showing in Theorem 14.141 that none of the 
elements of the mentioned family are intrinsically ergodic. Using this family of examples 
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and substitutions systems again, we construct countably many attractors where intrinsic 
ergodicity does not hold in Theorem 14.281 


2. Background 

For the convenience of the reader, we give all the relevant concepts from Symbolic Dynamics 
and Ergodic Theory to develop our study. 


Symbolic Dynamics. For a full exposition in symbolic dynamics the reader can consult 
[50] . We will consider subshifts dehned on the alphabet {0,1} only and we will call its 

OO 

elements symbols or digits. Let S 2 = n (0,1}, i.e. S 2 is the set of all one sided sequences 

n=l 

with symbols in (0,1}. Recall that E 2 is a compact metric space with the distance given 
by: 

^ f 2~^ ii X ^ y: where ? = minjz : Xi ^ %| 

0 other^. 


OO 

Recall that vr : E 2 —)■ [0,1] is the the projection map given by 7i{x) = X] ff- Let 

i=l 

(T : S 2 —)■ S 2 given by a{{xi)'^i) = the one-sided full shift map. Let A C S 2 . We 

say that (A, cr^) is a subshift 0 /S 2 or simply a subshift if A is a closed and cr-invariant set, 
and a A is dehned by = cr |a- 


A hnite sequence of symbols oj = Wi,...Wn with Wi G {0,1} will be referred as a 
word and given a word oj we denote the length of u by i{u). Note that given two hnite 
words OJ = wi,. . .Wn and u = ui. . .Um their concatenation denoted by oju is given by 
oju = wi,.. .WnUi.. .Um. We denote by cn" the word uj concatenated to itself n times. 
Given a sequence a: G S 2 and a word oj we say that oj is a factor of x or oj occurs in x if 
there are coordinates i and j such that oj = Xi... Xj. Note that the same dehnition holds 
if x is a hnite word. 


It is necessary for our exposition to use some tools from combinatorics of words -see m 
Chapter 2] for a detailed exposition. For every hnite word oj we denote by 0 — max^^ to 
the lexicographically largest cyclic permutation of u starting with 0 and by 1 — min^^ to 
the lexicographically smallest cyclic permutation starting with 1. We denote by |a;|^ to the 
number of I’s of a hnite word u and dehne the 1-ratio of u to be l(a;) = A word u is 
said to be balanced if for any pair of factors of cn, u and v of length n with 2 < n < £{oj), 
||u|i — \i'\f\ < 1, and we say that u is cyclically balanced if oj"^ is balanced. Note that given 
a r = I G Q n (0,1) there exist only q distinct cyclically balanced words with length q and 
p I’s. For r = I G Q n (0,1), stands for the lexicographically largest cyclically balanced 
word starting with 0 with £{fr) = and l(^r) = f. Also Cr stands for the lexicographically 
smallest cyclically balanced word starting with 1 with f'(Cr) = P and l(Cr) = f. Note that 
= 0 — maxg^ and = 1 ~ min^^ and that fr and (r are cyclic permutations of each other. 
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Given two words u and u we define p^j^u to be the substitution given by Pu},u{0) = uj 
and Pui,v{^)- Given a word v, Pui,u{'^) = PuiA'^i) ■ ■ ■ Puj,u{ue{v))- li u = and u = (r for 
r G Q n (0,1), the substitution p^^^r b® denoted simply as pr- 

Let be a set of words and let 

T,jr = {x G S 2 : n is not a factor of x for any word v G -F} . 

Since Sj- is a closed and a-invariant set, the dynamical system given by (Sx, |s;p) is a 
subshift of S 2 . Gonversely, for every compact and a-invariant set A, there always exist a 
set of forbidden factors such that A = Sj- |H1 Theorem 6.1.21]. 

We say that a subshift (Ejr, a |s;p) is a subshift of finite type if iF is finite. We say that a 
subshift (Sj-, a |s^) is sofic if there is a subshift of finite type (A, cta) and a semi-conjugacy 
h : A ^ Ej-. Given to finite words uj, v let {uj, z/}°° denote the set of all concatenations 
of u and v together with their shifts. We call the dynamical system ({cu, z/}°° , a a 

one-sided uniquely decipherable renewal system - see [18] for a general definition. 

Let a = G E 2 . We say that a is lexicographically less than j3, denoted 

by a -< /3 if there exists k E N such that aj = bj for j < k and a*, < b^. We denote by 
(a,/5) to the lexicographic open interval from a to (3, i.e. (a,/3) = {x G E 2 : a -< x -< /9} . 
Similarly, it is possible to consider lexicographic closed intervals by replacing -< for 
Given a sequence x G E 2 , the mirror image of x is the sequence x = (1 — Xi)'^^. 

In particular, we are interested in the following family of subshifts. Let (a, /3) G S 2 x S 2 . 
We define the lexicographic subshift corresponding to (a,/3) by considering 

S(a ,/3 = {x G E 2 : /9 ^ cr”(x) a for every n > 0} 


and = a 

A sequence a G S 2 is said to be a Parry sequence if ai = 1 and a"(a) a for every 
n G N. We denote the set of Parry sequences by P and by P = {x G S 2 : x G P}. 

Definition 2.1. A pair {a,fi) such that a E P and fi E P, and 

a” (a) fi and ct”(/ 5) a for every n G N 

is called an admissible pair. Otherwise the pair {a,fi) is said to be extremal. The family 
of admissible is called the lexicographic world and we will denote it as CW . 


As a consequence of [Ml Theorem 3.6], 7r(£>V) has Lebesgue measure zero. Also, observe 
that if (a,/5) G then neither a nor fi have arbitrarily long strings of O’s or I’s unless 
a = 1°° or /d = and 'P{qP) = S 2 if and only if a = 1°° and fi = 0°°. 
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Given a lexicographic subshift (T,(^a,i 3 ),o'(a,/ 3 )), the set of admissible words of length n of 
(S(a,/ 3 ), (T(q,,/ 3 )) is denoted by Bn(X,(^a,i 3 )) and the language ofT,(^a,/ 3 ) is 

OO 

^^{a,l3)) = IJ 5n(S(a,/3)). 

n=l 

We dehne the topological entropy of (T,(^a,g),(^ia,i 3 )) by 

htop{(J{a,g)) = lim -log\Bn(J2{a,0))\ 

n—^co fi ' ' 

where log is always considered to be log 2 . Given (a,/9) G £>V, the entropy formula for 

{^{a, 0 )-i ^{a, 0 )) by 

OO 

K(a,0){t) = - ai)f 

i=0 

where oq = 0 and &o = 1- 

The entropy formula was introduced in Glendinning and Hall [I5] in the context of for 
Lorenz maps. Recently, Barnsley, Steiner and Vince in |1] give a symbolic proof showing 
that the smallest positive root of K{t), denoted by k, satishes 

i/K(YT)l) ■ 

Thus, log(^) = htop{o'(a, 0 ))■ Note that given two words u and u we can calculate the 
topological entropy of ({a;, z/}°° , a in a similar way, namely htopi^cr = log(;|) 

where A is the unique root of 1 — in [0,1] [211 Remark 2.1] [151 P- 1008]. 

We say that lexicographic subshift {X‘{a, 0 ))O'(^oL, 0 )) 

i) is topologically transitive if for any two ordered words ojyU E C(T,(^a, 0 )) there exist a 
word V G (which we refer as bridge) such that ujvp G 

ii) is topologically mixing if for every ordered pair of words E there exists 

V G N such that for each n > N there is a bridge u E such that voju E 

Hi) has the specification property if (T(a, 0 )) is transitive and there exist M eN such 

that for every (u, z/, i{v) = M; 

iv) is coded if there exist a sequence of transitive lexicographic subshifts of hnite type 
{(S(an,/ 3 n)W(a„./ 3 „))}“=i such that C for every n G N and 

CXD 

“ U 

n=l 

Note that one-sided uniquely decipherable renewal systems are transitive sohc subshifts. 
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Ergodic Theory. For a comprehensive presentation on Ergodic Theory we refer the reader 
to [ 32 l m]. Given a lexicographic subshift cr(a,/3)), P(S(q,^/ 3)) stands for the set of all 

probability measures dehned on the Borel a-algebra, B(T,(^a,i3))- A measure fi G P(S(o^^)) is 
(T{oL,p)-'i™ariant if for every A G /i(cr(a,/3)“^(d)) = /i(v 4 ). We denote by M(cr(a_^)) 

to the set of (T(Q,,/3)-invariant measures on 


Given a countable partition ol of and fi G M(cr(a,/3)), the entropy of fi relative to 

the partition ol is 

^ n—\ 


h^{(Ji^a,p),OL) = lim -H ( V (T(a,/3) ■’(a) ) , 

^ ^ n.^no 71 \ y ' / 


n^oo Ti 


\j=o 


where 


H{ol) = - ^ fi{A) log fi{A), 


A&c 


and the measure theoretical entropy of crfa,p) with respect to fi or simply the entropy of fi is 
h^{o'(a,y)) = sup{h^(cT(ci^y3), ck) : CK is a countable partition of S(c^^y3)}. 


There is a relationship between the topological entropy of a lexicographic subshift 
(S(o,/ 3 ) W(a,/ 3 )) and the measure theoretical entropy of fi E M(ct(q,^^)) known as the vari¬ 
ational principle m Theorem 8.6], that is 

htop{(y{a,fi)) = sup{h^(cr(„,;3)) : fi G M(cr(„,;3))}. 

A cT(Q,^^)-invariant measure fi satisfying the variational principle is called a measure of 
maximal entropy. We say that a lexicographic subshift (^(a,/S)) is intrinsically ergodic 

if there is a unique measure of maximal entropy. Note that if htop{o'(^a,i 3 )) = 0 it will not be 
intrinsically ergodic unless o'(a,y)) is uniquely ergodic since M((T(„_/ 3 )) = Mjnax(c’'(a,/ 3 )) 

where Mmax(c’‘(a,/ 3 )) is the set of measures of maximal entropy for (S(a,p), o'(a,/ 3 )) |11]. 

It is known that transitive (mixing) subshifts of hnite type are intrinsically ergodic [36] 
as well as transitive sohc subshifts [13, HH] and subshifts with the specihcation property [6] . 
Recently, Glimenhaga and Thompson in HD] shown a criteria to determine when a coded 
system is intrinsically ergodic. Finally, Gurevic in [TH] gave a general criteria to determine 
the intrinsic ergodicity of a subshift. It is worth mentioning that intrinsic ergodicity will 
not follow neither from the topological transitivity nor topological mixing of a subshift - 
see, e.g. [IHl |38|. 

3. Open dynamical systems for non centred holes, /^-expansions and 

INTRINSIC ERGODICITY 

Gonsider = M/Z and let f : —>■ he the doubling map 2x mod 1. Recall that 

given an interval (a,b) C the {a, b)-exceptional set is given 

A(a,6) = {x E : f^{x) ^ (a, b) for every n > O} 
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and {X(^a,b), f(a,b)) is the open dynamical system corresponding to (a, 6) where f(^a,b) = 
f \x{a,b)- We say that an interval (a, b) C 5^ is a centred hole if ^ G (a, b). Given a centred 
hole (a, b), the attractor of Xa^ is A(^a,b) = [2& — 1, 2a] fl X(^a,b)- 

Assnme that (a, b) C satishes that a G (|, l)and 6 = 1. Then 
X{a,b) = {x e : f^{x) < a for every n > O} . 

Let ft G (1, 2) and x G [0,1]. We say that a seqnence {bn}ff^i G S 2 is a ft-expansion for 
X if {bn}'^=i satishes 

00 

X = y^bnld~'". 

n=l 

/9-expansions were introdnced Parry and Renyi in [551 SO] as a generalisation of the ex¬ 
pansions with integer basis. To hnd one of snch expansions for x G [0,1] an algorithm is 
provided by the ft-transformation. Given ft G (1,2), the ft-transformation is the trans¬ 
formation Tg : [0,1] —)■ [0,1] given by Tis^x) = ftx mod 1. Note that if ft = 2 then rg = 2x 
mod 1. Using rg, we construct a /9-expansion for x G [0,1) by bn = [ldTp~'^{x)] for n G N. 
The obtained /9-expansion for x is known as the greedy expansion of x. 

Let Xp C S 2 be the set of all greedy expansions corresponding to ft. Then, ap : Xp Xp 
by <^/3 = <^ Ix/jis a subshift. We shall call the subshift {Xp,ap) the usual ft-shift. The 
properties of the usual /9-shift have been extensively studied. In particular, for every 
ft G (1, 00 ), the usual /9-shift is a topologically mixing subshift and htopiup) = log(/9) [5Tj . 
It is shown in [TT] that {Xp,ap) is topologically conjugated to ([0, l],r/ 3 ). Moreover, Parry 
in [55] showed that 

X /3 = {x G S 2 : 0 '"'{x) -< Ip for every n G N} , 

where Ip = is the greedy expansion of 1 if is not a factor of Ip is not a 

hnite sequence and Ip = (di,.. .dk-i0)°° if is a factor of {di}ffi and k satishes that 
for every i > k dj = 0. The described expansion is called quasi-greedy expansion of 1. 
Moreover, Parry in [5^ characterised lexicographically the set of sequences that are greedy 
/9-expansions of 1 is, namely, is a greedy expansion of 1 if and only if is a 

Parry sequence. 

Note that {Xp,ap) is a subshift of hnite type if and only Ip is periodic or hnite and 
{Xp,ap) is sohc if and only Ip is preperiodic [H] Theorem 2.2], In addition, Bertrand- 
Mathis in [5] shown that {Xp,ap) has the specihcation property if and only Ip does not 
contain blocks of consecutive O’s of arbitrary length. Finally, it is known that the usual 
/9-shift is intrinsically ergodic for every ft IZH. 

Assume that a satishes that ai = 1 and a ^ P. Then we dehne 


<^(a) = (ai. ..an^_i0)°° 
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where 


Ua = min {n G N : a^(a) a} 

- see [31 p. 11]. Note that <^(a) G P. From [31 Lemma 3.12] we are sure that S(o°o,q,) = 
S(o“,?(«))• Also, it is clear that there is /3 = /9(a) G S 2 satisfying that = ^pia)- 

In [HI Theorem 3.5], Bundfuss et. al. showed that (X^,ct^) is topologically conjugated 
to (A(a,i),/(a,i)) with a G (|,1)- Also, Nilsson in [33] proved the same result for open 
dynamical systems of the form (X(o,fe),/(o,fe)) with b G (0, |). As a consequence of [Tnl 
Theorem A] we have the following proposition: 


Proposition 3.1. The open dynamical systems (X(a^i), /(a,i)) and (-A(o,fe), /(o,fe)) are intrins¬ 
ically ergodic provided that a G (|, l) and b G (O, |). 


Now we consider another class of non-centred holes, namely intervals of the form (a, . 

Observe that if a < | then by [T 6 l Lemma 1.1] we are sure that = {0}, then we will 


restrict ourselves to a G ( 4 , 2 )- 


Let a G 


■1 1 

^4’ 2 


) and £x the binary expansion of | to be 10°°. Observe that the attractor 
of 1 ), 1 ), A(jj 1 ) = 1 ) n [0,2a]. Let a = 7 r“^( 2 a) and consider S( 4 (q)^o°°)- Recall 

that if a G P then coincides with the greedy /9(a:)-shift up to a countable set of 

sequences given by 


U ■^■”(0) 


ns 


(a, 0 °°) 


\n=0 


and (3 {a) is determined by the unique positive solution to the equation 


i = S 

n=l 


Qii 

I3{ay' 


Lemma 3.2. For every a G there is (3 E (1,2) such that the dynamical systems 

(A(„ 1 ), 1 )) and {'Ey, ay) are topologically conjugated. 

Proof. Note that if a G P then 7 r“^(A(^_i)) = Therefore our result holds. 

Consider a G (^, |) such that a ^ P. Observe that g{a) -< 7 r“^( 2 a), then X^(^(o)) C 
7 r“^(A(„_i)). Assume that there exists x G 7 r“^(A(-^ \X^( 4 (q,)). This implies that Xi = g{a)i 

at least for every I < i < Ua- Let k = min{j > Ua '■ ?(«)//• < Xj}. Observe that 
Xk < ttj. Since x G 7 r“^(X(^ i^) then a'^{x) -< a for every n > 0. Consider a"‘°‘{x). 
Note that a^°‘{x)j-n^ >- g{a)j-n^. This implies that a''^°‘{x)j-n^ > that is x ^ 

7 r“^(A(-^ 1 )), which is a contradiction. Therefore 7 r“^(A(^ i^) = Xy(^^(^a))- Then o 

is a topological conjugation between (Aj-^ ly ff^a,^)) (X/ 3 (^(c^)), (T/ 3 ( 4 (q,))) . □ 

Observe that Lemma [32] combined with [TUI Theorem A] gives us that (A^^ i),i^) is 
intrinsically ergodic for every a G (|, |). 


To the best of our knowledge, determining when {X(^a,b), f{a,b)) or {A(^a,b), f(a,b)) are in¬ 
trinsically ergodic provided that either (a, b) C (O, |) or (a, b) C (|, l) is an open problem. 
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4. Intrinsic ergodicity for centred holes and the lexicographic world 

During the rest of the paper, we will consider centred holes (a, b) such that dinij^(X(a b)) > 0 
only -see m Lemma 1.1, Theorem 2.13]-. Recall that 

^1 = 1 (a, b) e Q, 0 X Q, : dim/b(X(„,b)) > o| . 

We ask that (a, b) G Di since 

1- rv \ bitop\f {a,b)) 

dminiX i^a,b)) = - 

where A is the Lyapunov exponent of 2x mod 1 and since systems with zero topolo¬ 
gical entropy are not intrinsically ergodic unless they are uniquely ergodic -see H. Note 
that dimj:b(X(a^b)) = dim/b(A(a^b)). Also, from [3l Corollary 3.21] we know that for every 
(a, 6) G Di there exist {a, (3) G £W such that {A(^a,b), f{a,b)) is topologically conjugated to 
(J3{a,0),o'(a,i3))- Also, in Hare and Sidorov [20] defined the set 

D 2 = {(a, b) E Di : Bad{a, b) is finite } 

where 

Bad{a, b) = {n > 3 : /"'(a;) G (a, b) for x G Per{f)} . 

It was shown in [20] that D 2 C Di. 

Open dynamical systems and Lorenz maps. Recall that a map g : [0,1] —)■ [0,1] is 
said to be a Lorenz map if there exists c G (0,1) such that: 

i) g |[o,c) and g |(c,i] are continuous and strictly increasing; 

ii) lim g{x) = 1 and lim g{x) = 0; 

X'^^C X~—>-C 

_ OD 

iii) Ic = [0,1] where A = [J 

n=0 


As such, the properties of expanding Lorenz maps been extensively studied - see e.g. 
[lailTlET] among others. Also in [T7[ 6.2] it was stated that Lorenz maps can be studied 
as open dynamical systems of the doubling map. Moreover, we associate to such dynamical 
systems a symbolic space via kneading theory - see [15] for a suitable introduction to 
our context - which coincides with the lexicographic world. Parry in [37] introduced the 
following linear and expanding Lorenz maps known as mod 1 transformations. Consider 
/3 G (1, 2) and d G {0,2 — (3). Dehne 


9y,aix) 


I3x + a, if X G [0, ^^]; 
^x + d — 1 ifxG[^,l]. 


Thus, for every 

([0.1]is a 


mod 1 transformation g(a,i 3 ), there is a centred hole (a, 6) such that 
factor of {A(^a,b}, f(a,b)) [SI Proposition 4.1, Proposition 4.2.]. Also, the 
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factor map is given by tt^ ^ o vr ^ where tt^ ^ -)■ [0,1] given by = 

OO 

a I Xn 

/ 3-1 ' 

n=l 


Urbanski in [131 Lemma 1] showed that the projection map vr^ - is also a measure the¬ 
oretic isomorphism between M(cr(a^y 3 )) and M( 5 fy 3 ^c^). On the other hand, Hobfbauer in 
[231123] it is shown that {g^^) is intrinsically ergodic if ([0, is topologically trans¬ 

itive. Topologically transitive attractors {A(^a,b), f(a,b)) as well as dynamical systems of the 
form ([0, l],gp^a) are characterised using renormalisation. A pair (a, (3) G CW is said to be 
renormalisable if there exist two words uj and u and sequences 

and C N U {cxd} such that cj = 0 — max^^, z/ = 1 — miui,, (0 — maxj,)°° -< 

z/°° -< (1 — min^)°° ,i{uu) > 3 and 


Oa = 




and 


1/9 


uu 




■ u 


UJ 


(jj 

3 


If ^{uJv) = 3 we say that (a,/?) is trivially renormalisable. The pair {uj,u) is called the 
associated pair of (a, (3). We will always consider the shortest choice of (a;, v) with respect 
to ^{uJ) and It is well known that a Lorenz map ([0, l],gi 3 ^a) is transitive if and only 
if {a, ft) is not renormalisable [TTl Theorem 2]. Recently, the author shown in [31 Theorem 
5.16,Theorem 5.22] that for (a, b) G D2, (A(a,b), f{a,b)) is transitive if and only if (a, ft) is not 
renormalisable and that the shift given by a = ui'°° and ft = i>u°° is transitive if a; = 
and 1 / = Cr for r G Q n (0,1) [31 Theorem 5.10]. 


Intrinsic Ergodicity in D 2 . We now start describing the pairs {a,b) G Di such that 
(A(a,b),/(a,b)) is intrinsically ergodic. We would like to recall our main theorem. 

Theorem 4.1. The set 

Di = {(a, &) G Di : {A(^a,b), fia,b)) is intrinsically ergodic } 
has full Lebesgue measure. 

As a consequence of [H Theorem 6.2, Theorem 6.3, Theorem 6.4, Theorem 6.5] and [31 
Theorem 5.20, Theorem 5.22, Theorem 6.2] combined with the fact that transitive subshifts 
of hnite type, as well as subshifts with the specihcation property are intrinsically ergodic 
- see [361E] respectively- and [231 Theorem 8] we obtain that Di ^ 0. 


We say that a pair (a, (3) G CW is essential pair if (a, ft) is not renormalisable and a and 
ft are periodic sequences. From m Theorem 1.3], the lexicographic subshifts corresponding 
to essential pairs are transitive subshifts of hnite type. Let 

S = {(a,/3) G CW : (a,/9) is an essential pair} 

and 

S = {{a,b) G Di : (A(^a,b)), f{a,b)) is conjugated to a transitive subshift of hnite type} . 
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Observe that C S C Di and ti{S) C D 2 [20l Theorem 3.8], [T 6 l Theorem 2.13]. 
Lemma 4.2. The set S has positive Lebesgue measure. 

Proof. Let (a,/?) G CW be an essential pair and (a, 6) = ( 71 ( 00 ;), 7r(l/9)). From [21 The¬ 
orem 3.3] there is an open set U <Z Di such that for every {a',b') G U, X(^a,b) = X(^a',b')- 
This implies that (A(„,&),/(a,6)) and {A(^a',b'), f{a',b')) are topologically conjugated. Since 
{A(a,b), f(a,b)) is conjugated to (S(o,/ 3 ), (T(«,/ 3 )) then (A(a', 6 '),/(«',&')) is also topologically con¬ 
jugated to (J^{a,i 3 ),c!'(a,/ 3 )) for every {a',b') G U. This shows our result. □ 

Note that Lemma 14.21 implies that Dj has positive Lebesgue measure. 

In [21 Corollary 3.5] is shown that set 

T = {(a, 6 ) G R : foop(/(a,b)) is constant} 
has full measure. Note that the set 

S' = {(a, b) E Di : {A(^a,b)), f(a,b)) is conjugated to a subshift of hnite type} C T 

and by Theorem [21 Corollary 3.4] has full measure. Thus, to prove our result it suffices to 
show that every lexicographic subshift of finite type cr(Q,^^)) is intrinsically ergodic. 

Renormalisation boxes and intrinsic ergodicity. 

Definition 4.3. Let (w, z/) be the associated pair of an essential pair (a',/?'). The set 

= {{a,(3)ECW: (Oa, 1/3) G [a;°°,a;z/“]^ x [z/u;“, z/°°]^} 
is called a 0-renormalisation box or simply a renormalisation box. 

Lemma 4.4. LetB^{u,i>) and B^{uj',io') be renormalisation boxes. Then, 

B\uj,iy)nB\u:', u') = 0 

if and only if {uj, u) 7 ^ (a;', fo). 

Proof. It is clear that B^{uj, u) fl B^{u', v') = 0 then (cu, z/) 7 ^ (a;', v'). Let us assume now 
that (cj, z/) 7 ^ (a;', z/'). Then, there is no loss in generality assuming that 0 ;°°. 

Let us assume that -< oj°° first. Then, there is i G N such that = ojf^ for every 
j < i and = 0 and = 1. Then we need to consider the following three cases. 
Suppose that i{u) = This implies that i < i{u) then -< u°° regardless the 

choice of u and u'. Then, [u:°° fl a;V'°°]^ = 0 which implies our result. Now, 
let us assume that liu') < l{u). This gives i < lioj), which implies that 

[a;°°,a;z/°"]^n [a;'“,a;V“]^ =0 

as in the previous case. Suppose now that liu) < liu'). Then, we have to consider two 
sub-cases. If / < ^{u:) then it is clear that 

[a;°°,a;z/°°]^n [a;'“,a;V“]^ = 0. 

If (.{uj) < i < i{u') then -< since u°° = 1 and = 0. Then our result follows. 
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\i uj = bj' then v ^ v'. It is clear that (P, oi) and dehne renormalisation boxes as 

well. Without losing generality we can assume that z/°° -< Then -< Then, 
applying the arguments shown above it we get 

n = 0. 

Therefore 

This concludes the proof. □ 


Observe that S 2 x S 2 is a metric space with the distance given by d 2 : (S 2 x S 2 ) x 
(S 2 X S 2 ) -)■ [0,1] given by 

d 2 ((a, /3), (a', /?')) = {d{a, af + d(/3, /?')') ' • 


Note that 
and 


diam(B°(a;, i/)) = ^2 1 ^ 0 ;°°)) 


d2 ((a;“, 1/0;“)) 


+ 


2Wuj)+i)^ (2hO+i)" 


1 

2 


Theorem 4.5. If (a, /5) G £>V satisfies that (Oa, 1/5) G S°(a;, v) \ {( 0 .;°°, f/ien (a, /5) 

zs a renormalisable pair by oj and v. 


Proof. Let (a,/5) satisfying our hypothesis. Since [a, (5) is not an essential pair, from [3l 
Theorem 5.21] then {a,f3) is either coded but not of hnite type or renormalisable. 

If {a, fi) is renormalisable, then there are words u' and u' which renormalise {a,f3). 
Assume that {u, u) 7 ^ (a;', n'). Then by Lemma 031 (Oa, 1(3) ^ u) which is a contra¬ 

diction. Thus {a, (3) is renormalisable by u and v. 

Assume that {a, (3) is coded but not of hnite type and let u) such that (Oa, 1(3) G 
B^{oj, p). Then, there is a sequence {(«n,/5n)}^i of essential pairs such that 

S(„/ 3 ) = lim with -< an+i and (3n+i -< (3n 

n^oo 

for every n G N. Since (S(a/ 3 )) is coded we have S(a„,/ 3 „) C S(q:„+i,/ 3 „+i). Let (a;„, Un) be the 
associated pair of (3n) for every n. We claim that either {I{bOn)}'^=i is an unbounded 
sequence or {£{Pn)}^=i is an unbounded sequence. Assume that both sequences {£{oJn)}’^=i 
and {£{i^n)}'^=i are bounded. Let M and iV G N such that {i{oJn)} < M and {£{Pn)} < M. 
Observe that the set 

N M 

(w, p) G U 5n(S2) X U Bm(X‘2) ■ {cii,(3) is essential 

n=2 n=2 

is hnite, then there is n such that («„, (3n) = (a, (3). This gives that (a, (3) = (( 7 ( 0 ;°°), a{p°°)) 
which is a contradiction. □ 
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Observe that Theorem 14.51 gives us a decomposition of tt ^(£* 2 ), namely (a,/?) is either 
essential, renormalisable or a coded system. Denote by 

C = {(a, /5) G £W : {a, / 3 ) is coded} , 
cw' = {(0a,l/3) : {a,/ 3 ) G CW} 

and 

C' = {(Oa, 1/3) : (a, /3) G C} . 

As a consequence of Theorem 14.51 and Lemma H2] we have that all the dynamical properties 
of D2 are determined by essential pairs and limits of essential pairs. 

Corollary 4.6. 

7r-\D2) n CW'= I IJ B\u,v)\uC'. 

\(a,/3)ef / 

Moreover, as a consequence of [21 Corollary 3.21] we have that every attractor (A(a/(a,6)) 
with (a, h) G D2 is associated to an essential pair, a renormalisable subshift or to a coded 
system. 

Transitive components of (T,(^a,ppa(^a,i3)) for (Oo, 1/3) G D 2 . Let (C(^a,i3),o'(a,i3)) be a lexico¬ 
graphic subshift. A subset A of is said to be a transitive component if A is closed, 

completely invariant (i.e. f~^{A) = A = f{A)), a \a'- A ^ Ais topologically transitive and 
there is no other set A' such that A 'Z A' containing a dense orbit [HI p. 1313]. Observe 
that [HI Theorem 6.3] and [31 Corollary 3.21] imply that C(^a,i 3 ) has in general at most 8 
transitive components and that C(^a,/3) has at most 4 transitive components if both a and 
/3 are periodic sequences. 

We characterise now such transitive components for (a, ( 3 ) such that (Oa, 1 ( 3 ) G z/). 

Recall that, given two hnite words u and z/, {u, 1 /}°^ denotes the set of free concatenations 
of uj and v and their shifts. 

Lemma 4.7. Let (Oa, 1/3) G be a renormalisable pair such (S(q,^/ 3 ), cr(a,/ 3 )) is a 

subshift of finite type. Then {C(^a,i3),o'{a,i3)) has two transitive components only. Moreover, 
the transitive components of y)Wa p), A and B are given by A = and 

Proof. From [21 Theorem 5.13] gives that {'C(^a,p),o'(a,p}) is not transitive. Moreover, from 
the proof of [21 Theorem 5.13] we obtain that there is no bridge between the words cal and 
Also, it is possible to show that there is no bridge between uO and Thus, 

A = is a transitive component of since (cr(ca°°), (j(z/°°)) is essential. 

Observe that 

C = [x Z C(^a,p) ■ 1^1 or z/0 occurs in x} 
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determines a transitive component B. We construct such component B as follows: firstly, 
note that C is not necessarily an invariant set. Let B the maximal invariant set of C, that 

is 

CXD 

B= n ‘’"ic). 

n=—oo 

Let us show that B C {a;, Let x E B. Without losing generality we can assume that 
ujl is a factor of x and that Xi = Ui for i G {1,... and a:£(a;)+i = 1- Observe that 

Xi+i{uj) = I'i for i G {1,... since x G ^(a,i 3 )- Then is free. We claim that 

= 0 then = cu, for i G {1,... Assume that the claim is false. 

Then there is i G {1,... ,^(u;)} such that Ui 7 ^ If a;* = 0 and = 1 

then >- a which is a contradiction. Similarly, if cuj = 1 and = 0 

then -< {3 which is a contradiction as well. We also claim that X£(a;)+£(i/)+i = 1 

then X eU(u})+e(i^)+i = r'j for z G {1,..., Assume that the claim is false. Then there is 

z G {1,.. such that Ui 7 ^ X£(^)+£(^)+i. If z/j = 0 and = 1 then cr^(x) >- a 

which is a contradiction. Similarly, if z/j = 1 and Xi(ui)+e(u)+i = 0 then (x) -< (3 which is 
a contradiction as well. Thus we have proven that B C {oz, z/}°°. To show that B C {a;, z/}°° 
observe that oj°° ^ B. Also, it is possible to consider the sequence 1 x 1 '°° and show that 
001 /°° ^ B as follows. Since (Ll(a, , 13 ), ^(a,/ 3 )) is a subshift of hnite type, then a is periodic and 
Oa = a;z/"'ia;”izz "'2 .... Thus < 7 ( 0 ; nu°°) -< a. Therefore cr(a;z/°°) ^ Ll(a^y 3 ). This shows that 
B C {cu, z/}°°. Assume that there is another component B such that D ^ A and D ^ B. 
This implies that D H {AU B) = ^. Thus, D (Z C A B. Since C is the maximal invariant 
and D is invariant we have that D = 0 and the proof is hnished. □ 


Lemma 4.8. Let {a, 13) satisfying the same hypothesis of Lemma 4B. Then 

htop(,^B) A htop • 


Proof. Since both a and (3 are renormalisable periodic sequences then 

Oa = (cuz/”5ia;’"i z/”2a;'^2 ... 

and 

1/3 = . 

Note that nf and can be equal to 0. However, this will not affect our argument. Let B 
the transitive component dehned in Lemma [4.71 Since {J3(^a,y),(^(a,i3)') is a subshift of hnite 
type (H, (T(Q^/ 3 )g) is a subshift of hnite type - see [H p. 1313]. From [3l Lemma 5.3] we 
have that the periodic orbit (u;z/"'i+^)°° G \ B. Then, from [TSl Corollary 4.49] and 
Lemma IT77I we have that htopicB) < htop {o'{u,,u}°°)- Tl 

Theorem 4.9. {T‘{a,i 3 ),o'(^a,i 3 )) has a unique transitive component of maximal entropy for 
every subshift of finite type whenever (Oa, 1(3) G 7r“^(Zl2) H CW'. 
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Proof. Observe that if (a,/9) is an essential pair then onr resnlt is antomatically true. 
Suppose now that (Oa, 1/9) G Then the transitive components of (S(a,/ 3 ), cT(a,/ 3 )) 

are given by S(cr(a;°°),o-(i/°°)) and the set B constructed in Lemma Wl\ From [71 Proposition 
2.5.5] and Lemma ITTI we have that htop{o'(a,p)) = \^htop{o'(a(uj°°,u°°))), htopicrB)} ■ From 

Lemma 02] we have that htopicB) < htop{o'^i^^iyy°°). Note that = log A where 

j is the unique root of 1 — in [0,1] - [2H Remark 2.1] and [151 P- 1008]. From 

[T5l Lemma 8, Lemma 9] we have that htop{o'<^a{u}°°),c 7 {v°°))) > > htopi^CB) which 

proves our result. □ 

Corollary 4.10. If {a,/3) G £W such that (Oa, 1/9) G v) with 

(Oo, 1/9) 7^ PCi;°°), 

then (J^{a,i 3 ),o'{a,i 3 )) has a unique transitive component of maximal entropy. 

Proof. Note that the results is automatically true if {a, (I) = From The¬ 

orem m we have that («,/9) is renormalisable by u and u, i.e. 

Oo = ... 


and 


1/9 






Recall that (S(q^/ 3 ), cr(Q,,^)) is not a subshift of hnite type. From [3l Lemma 5.6] we 
have that (a;i 2 "i)°° -< Oo -< (a;z/"i+^)°° and -< 1(3 -< (na;™i)°°. Let B 

be the component dehned in Lemma 14.71 for iP‘{a,i 3 ),o'{a,p)) and B' and B” the com¬ 
ponent constructed on Lemma 14.71 for (S 

(S, 




and 




mr +1 


O', 


mf+l. 


respectively. Observe that 


htop(o’i3') ^ htQp((J b') "Pi htopipB”^- 


Suppose that {fP(^a,is)^cr(a,is)) has a component C such that htop{(Tc) = hfop(o'(o-(aj°°),o-(;y°°)))- 
Observe that C ^ B since htopicrc) > htop{(TB). Then neither col nor pH are factors of x for 
every a; G C. Then 

C = {x G : neither col nor pH are factors of x} . 

Thus C = S(o-(a;°o),cr(j/°°))- n 


Theorem 4.11. If {a, (3) satisfies that (Oo, 1/9) G B^{u),p) and (J^{a,p),o'{a,p)) is a subshift 
of finite type then ((P(a,/ 3 ),o'(a,/ 3 )) is intrinsically ergodic. 


Proof. From Theorem 14.91 S(o-(tj°°),o-(i/°°)) is fhe unique transitive component of maximal 
entropy of ((P{a,i 3 ),c!'[a,y))- Since {a{oj°°),a{p°°)) is an essential pair we have that 

is iutriusically ergodic. 

Let /i the measure of maximal entropy for (^{a{uj°°),a{u°°)))■ We dehne 

p{a,p)i^B( /^(-S n S((j(a;°°),(T(i/°°))) 

for every measurable set B. Note that = hp since htop{o'{a{i.o°°),a{u°°))) = htop{o'(^a,/ 3 ))- 

Thus, ti(a,/ 3 ) is a measure of maximal entropy with supp(p(o,_/ 3 )) = supp(/i) where supp 
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denotes the support of the measures. Suppose that there is another measure of maximal 
entropy r]. Since rj ^ fJ^{a,i 3 ) and ri,^(^a,/ 3 ) are ergodic measures [SI Theorem 8.7] we have 
that T] and P(a,/ 3 ) are mutually singular |1H Theorem 6.10]. This implies that 

h(a,/3)(supp(/i(„,/3)) nsupp(r7)) = r7(supp(/i(„,/3)) nsupp(p)) = 0 . 

This gives that supp(? 7 ) C \ Then by Theorem 14.91 hrj = htop{(TB)- 

Which contradicts that r; is a measure of maximal entropy and our proof is complete. □ 

As a consequence of Corollary 14.101 we can extend Theorem 14.111 to subshifts which are 
not of hnite type necessarily. This is stated in the following corollary. The proof is left to 
the reader. 

Corollary 4.12. Let {a,/3) be a renormalisable pair by uj and v such that (Oo, 1/3) G 
with (Oa, 1/3) ^ {ujp°°, puj°°). Then (T,(^a,y),o'{a,i 3 )) is intrinsically ergodic. 

As a corollary of Theorem 14.111 and Corollary 14.121 we obtain the following statement. 

Corollary 4.13. For almost every {a,b) G D 2 , f{a,b)) is intrinsically ergodic. 

Proof. Since S is open and dense in Di and D 2 is an open subset I2D1 then iS n ZI 2 is open 
and dense in D 2 . Then, by Lemma [4.61 Theorem 14.111 we can conclude our result. □ 

Di / D 2 . On Corollary 14.101 and Corollary 14.121 we made the assumption that (Oo, 1/3) 7 ^ 
( 0 ;//°°, puj°°). We would like to explain the reason of this hypothesis. 

Let a; = 01 and Vk = 100(10)*^ for some fc > 0 and consider {ak,/3k) G CW given by 

Oa = can^and 1/3 = Pk^°°] 
or 

Oo = l47J°°and 1/3 = uJTT°° 

where cD denotes the mirror image of u, that is Wj = 1 — tCj for each i G {1,... The 

case when k = 0 was introduced by Hofbauer in [23] and later on, it was extended for any 
fc G N by Glendinning and Hall in [15]. Observe that {oj,Pk) and iyk^dj) are associated 
pairs the essential pairs 

K',/3,') = (cr(u;°°),crK“)) 

and 

K",/3A:") = KOc°°)w(a>“))- 

As a consequence of [3l Theorem 5.16] we have that {X‘{ak,Pk)i a transitive 

subshift for any fc > 0. To show that ^{oik,iSk)) intrinsically ergodic for any 

fc > 0, we need to use some results corresponding to Lorenz maps. 

Recall that given a dynamical system {X, f) we call a point x & X non wandering if for 
every open set U G X such that x ^ U there exists n G M such that f^iU) O 17 7 ^ 0. We 
dehne the non-wandering set of (X, /) to be 

f2(/) = {a: G X : a: is non wandering } 
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[3 p. 29], In [la Corollary 10] is showed that if a Lorenz map g has as kneading invariant 
(a, (3) G CW satisfying that Oa = and 1(3 = or Oa = VkUj°° and 1(3 = uji'k°° then 
there are two basic components of the non-wandering set A and B such that Ad B = ^ 
and hiQpi^g h^Qpi^g htopi^g')- 

Theorem 4.14. Let {a, (3) G CW satisfying that 

Oa = and 1(3 = VkOJ°° 

or 

Oa = Ukco’^and 1(3 = 

Then (J3^a,i3)W{a,i3)) is not intrinsically ergodic. 

Proof. Let {a, (3) G CW satisfying our hypothesis. From [23 Theorem 1] there exists an 
expanding Lorenz map g{a,i 3 ) such that {T(^oi,i 3 )W{a,i 3 )) is semi-conjugated to ([0,1], 5 f(ct,/ 3 )) 
by a semi-conjugacy h. Let Ll{a,/ 3 ) be the non-wandering set of ([0, 1], g(ot,i 3 ))- Then by [I5l 
Corollary 10] there exist two 5 '(ct,/ 3 )-invariant sets A,B(Z Pt{a,i 3 ) such that 

htop{g[a,/3) | a ) htQp(^g(^(^i^'j \pj'j htop{g(a,l3)') ■ 

By [T71 Theorem 2], AdB = 0, whence h ^{A)r\h ^{B) = 0. Moreover, by [I5l Theorem 3], 
htop{g(a,g)) = log(^). Then by jH Lemma 3], htop((T(c,„a)(h“^(yl))) = htop{(T^a,i3)ih-^(B))) = 
htop{o'{a,/ 3 ))- This implies that there exist two cr(a,/ 3 )-invariant measures and fiB such 
that supp(/iA) C A, supp(/ib) C B and 

hpA l^topip {oL ,0)) • 

Thus, (S(a,/ 3 ), cT(a,/ 3 )) is uot iutriusically ergodic. □ 

Observe that from Theorem 14.141 and [T^ Corollary 10] we obtain the following result. 

Corollary 4.15. Let {a, (3) = {a{uu°°),a{i'u°°)) where a; 7 ^ 01 and v ^ 100(10)*^ or 
oj 7 ^ 100(10)*^ or v ^ 10. Then (E(a,j8)W(a,/s)) is intrinsically ergodic. 

Intrinsic Ergodicity in Di \ D 2 . To hnish the proof of Theorem 14.11 it is necessary to 
prove that subshifts of hnite type corresponding to pairs {a, (3) G 7 r“^(Zli \ D 2 ) 0 CW 
are intrinsically ergodic. As a consequence of [IHl Theorem 2.13] and [201 Theorem 3.8. 
Corollary 3.13] we have that (Oa, 1(3) G x C]^ for every (a, (3) G \ 

D 2 ) n CW with r G Q n (0,1). Moreover, using a similar argument as in Theorem 14.51 if 
(a, (3) G 7r“^(Zli \ D 2 ) n £>V then (a, (3) is renormalisable by Cr)- 

Definition 4.16. Let (a,/3) G CW be an essential pair with associated pair (ca, i/) and 
consider the renormalisation box associated to (w,//). Let r G Q fl (0,1). We 

dehne a (1 ,r)-renormalisation box or simply a 1-renormalisation box to be 

Blioj, p) = {(a,/d) G CW : (Oa, 1(3) G pr{B^{u, z/))} . 

Given a hnite sequence (ri,... r„) G (Q fl (0,1))" we dehne an (n — (ri... rn))-renormali¬ 
sation box or simply an n- renormalisation box to be 

= {(«> (i)^CW : (Oa, ip)epr^o...o p^^ {Bl^^) ] . 










18 


RAFAEL ALCARAZ BARRERA 


From Theorem 14.41 it is clear that for every n G N, 
if (cj, u) 7 ^ (ca', v'). Similarly, it is clear that 
if (ri,..., Vn) r'J and that 

if n 7 ^ m. 


Note that 


diam i/)) = 


+ 




We characterise now snch transitive components for {a, (3) G £>V snch that (Oa, 1(3) G 
^)- Note that [HI Proposition 2.6] implies that $ ^(a,/3) every 

(ttj/Sj snch that (Oa, 1/3) G ^ z/). 

Theorem 4.17. Let (a, (3) he an essential pair with associated pair {u, u). Let (ri,... r„) G 
(Qn(0,1))"". Then, the subshift {T(^a',i 3 '),o'(a',i 3 ')) where a' = cr(pr„ o ••• o Pr^iu)) and 
(3' = o'{pr^ o ... o Pnir')) has two transitive components A' and B' where 

OO 

^' = n ° ° Pn(S(a,/3))) 

m=—oo 

and 5'= 

Proof. Firstly we will show that A' is a transitive component. Recall that r* = — with 
1 < i < n. Let n, k G C{A'). Note that, there exist I < i{v), m < qn snch that and a word 
u G Bm{A') snch that a\v)u G C{A'), 

a\v)u = ercr • • • iT-KT 

\ / :3 ! J! ^ I n ■^’71 

where C N snch that 

V(aP) = (Pr-„ O • • • O Pr,)~\(T'^{v)u) G 
Similarly, there are words u',v' G C,{A') snch that u' kv' G C,{A') and 

where {n'A^. , C N snch that 

L j> ]=i 

^{a,l3) (.Pvn O . . . O Pfi) ) £ ^((Ljap) ■ 

Since {a, (3) is an essential pair, there exists a word p snch that 

’^(Q;,/3)h^(a,/3) ^ -^(^(q;,/!))• 
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Then 


Since 


pr^O ...O Pr,{V(aP)VI^{a,p)) ^ C{A'). 


Prn O . . . o Pri{y(a,j3)Vf^{a,l3)) Pr„ O . . . O Pri{'IJ{a,P))Pr„ O • • • O Pri{v)Pr„ O • • • O Pri{l^{a,l3)) 
we have that upr^ o ... o p^^(p)u' is a bridge between v and n with 

u{Prn ° • • ■°Pr,{v)W e C{A'). 

This shows that A' is a transitive component. 

To show that B' is a transitive component note that recall that B' C for every 

(a', (3') G CW such that 

( 0 «', 

Observe that 


Oa = Pr^O ...O P^^ {u) = C^n 


and 


^rn 


1/^' = Pr„ O • • • O Pn (p) = (^Cr„C^ • • • CV 6 

From [3l Lemma 5.6] we have that 

max | < max | = 

and 

max < rnf" \ < max < \ = n?’’". 


j — 


Since B' C T,(^a>,/ 3 ') and B' is cx-invariant we have that and "+i e C{'E(^a',i 3 ')) 

and that and ('"'i are factors of a: G T^(^a',p') if and only if x G 5. Thus B' is a 

transitive component. 

Assume that there is a third transitive component C such that C ^ A! and C ^ B'. 
Since C ^ A' we have that x ^ (pr„ o • • • o Pri)~^(S(a,/ 3 ))- This implies that or 

(■"■1 are factors of x. On the other hand, since x ^ B' then neither nor ('"'i 

are factors of x for every k>l. Thus O' = 0. □ 

Corollary 4.18. Let {a, (3) be an essential pair with associated pair {uj,u). Let (ri,... r„) G 
(Q n (0,1))". Then, for every {a', /3') such that (Oa', 1/3') G i')such that the sub¬ 
shift (S(cj/_^/), is a subshift of finite type, the T,(^a',i 3 ') has three transitive components 

A!, B' and C where 


^' = n ^”'(d^n°---OPri(A)), 

m=—oo 

oo 

B'= n 


and O' = where A and B are the components constructed in Lemma\47' 
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Proof. Observe that since (Oa', 1/3') G have that cr^a,^)} is a sub¬ 

shift of (^(a',/S'), <^(a',i 3 ')) ■ From Lemma [4.71 and using a similar argument as in Theorem 
14.171 we have that A', B' and C are transitive components of cr(Q,^^)). Assume that 

there is another transitive component D'. From Theorem 14.171 we have that A' ^ D' and 

C ^ D'. Let X & D. This implies that or are factors of x. Thus x G B'. 

Then D' C B' which gives D' = B' since B' and D' are transitive components. □ 

Proposition 4.19. Let {a, (3) G £>V be an essential pair with associated pair and 

^ = I ^ QO (0, !)■ Then pr : T(^a,/ 3 ) —^ T,(^a',/ 3 ') is continuous and injective where a = 
a{pr{uj°^)) and fd = a{pr{r'°°)). 

Proof. Let C 'P‘(a,is) such that Xn —> y. Let £ > 0. Since Xn —> x there is M G N 

such that for every m> M, 

d{xm,y) <e. 

Thus, for every m > M, (xm)i = yi for every 1 < i < M. This implies that pr{xm)i = pr{,y)i 
for every 1 < 3 < qM. This gives that 

d{pr{x^),pr{.y)) < ^ < ^ < 

To show that it is injective note that ii x = y then p{x)i = p(|/)j for every 1 <i < qk and 
p{x)qk+i = p{y)qk+i where k = min j eN : Xj ^ yj. □ 

Theorem 4.20. Let (a, (3) be an essential pair with associated pair (cj, z/) and (ri,... r„) G 
(Q n (0,1))”. Then {T‘{a',i 3 '),(^{a',/ 3 ')) has positive topological entropy where 

a = a{pr„ o .. .p^^(a;°°)) 

and 

fd = (X{pr^ O . . .p^^(z/°°)). 

Moreover 

htop{o'{a',y')) = - ~^top (<^(a,/S)) ■ 

qi ■ ■ ■ ■ ■ qn 

Proof. From Theorem 14.171 and [2S1 Proposition 3.17 (2)], we have that 

htop{,^{a',p')) LUaX /ifop(cT 1.4'); ^lop(^ |i?0} • 

Moreover, from the construction of A' on Theorem 14.171 and Proposition 14.191 we have that 

Prn O • • • O PriiT^(a,y)) — A . 

Let X G T(^ap) and £ > 0. Note that 


Pr„0...0 p^^{B^{x)) = Bfg^, ,g^y^{pr„ 0...0 Pr,{x)). 
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Thus, pr„ o ... o is an open map and therefore an homeomorphism. Let x = G 

S(a,/ 3 ). Note that 

O • • .Op^^{(T{x)) = Pr^O .. . O p^^{{Xi+i)Zl) 

= O . . . O p^^{Xi)Zl)- 

Thus, pr^ o .. .o pri is a conjugacy between and (A', |^,). Then from 

Proposition 3.17 (3)] we have that 


htopis^ [a,P)) htopi 


a 


qi-—-qn 


I A') Ql ' ■ ■ ■ ' Qn ■ hiop{(y I A')) 


□ 


and htop{B') = 0 the proof is complete. 

Lemma 4.21. Let {a, (3) such that (Oa, 1/3) G _ z/) where (cu, z/) is the associated 

pair of an essential pair (a', (3'). Then 


htopio'B') — 


gi ■ ... ■ g, 


-htop{B) < 


gi • ... ■ g, 


-htop • 


Proof. From Lemma ITSl we have that htopio’s) < htop{o'{uj,u}°°)- From Corollary 14.181 we 
have that 


B'= Pi {Pr„ o ... o p^^{B)) . 


m=—oo 


As in Theorem 14.201 p^ o ... o is a conjugacy between {B, cr'^i and {B', aB')- Then 


htop{,^B'^ ^ ^ htop(^B^ — ^ ^ ^top 


gi ■ ... ■ g„ 


gi ■ ... ■ g„ 


holds. 


□ 


Theorem 4.22. (S(q, ,/ 3 ); <^(«,/ 3 )) has a unique transitive component of maximal entropy for 
every {T‘(a,y), o'(a,i 3 )) subshift of finite type with {a, (3) G £>V fl 7 r“^(Zli \ D 2 ). 

Proof. From Theorem 14.91 we have that htop{o'B) < htopicA)- Then by Corollary 14.181 
Theorem 14.201 and Lemma 14.211 we have that A' is the unique component of maximal 
entropy of ■ □ 

As a consequence of Corollary 14.101 and Theorem 14.221 we obtain immediately the fol¬ 
lowing result. 

Corollary 4.23. Let {a,l3) be a renormalisable pair by uj and v such that (Oo, 1/3) G 
i3°(ci;,z/) with (Oo, 1/3) 7 ^ Then (T,(^a,i 3 ),o'{a,i 3 )) has a unique transitive com¬ 

ponent of maximal entropy. 


Observe that Theorem 14.221 will imply that every lexicographic subshift of hnite type is 
intrinsically ergodic as we state as follows. 

Theorem 4.24. If {a, (3) satisfies that (Oo, 1/3) G i3°(a;,z/) and (T(^a,y), ^'(a,^)) 'Is a subshift 
of finite type then (T(^a,i 3 ),cr{a,i 3 )) 'is intrinsically ergodic. 
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The proof of Theorem 14.241 is an easy modification of the proof of Theorem I4.11[ so we 
will omit the proof. Moreover, as it was done in Corollary 14.121 we can extend Theorem 
14.241 to subshifts which are not of finite type necessarily as it is stated in the following 
corollary. The proof is also omitted. 

Corollary 4.25. Let {a, (3) be a renormalisable pair by u and v such that (Oo, 1/3) G 
with (Oo, 1/3) ^ , 1 ^ 00 °°). Then (T(^a,y),o'(a,y)) is intrinsically ergodic. 

Recall that 

C = {(a,/3) G CW : is coded } 

and C = {(Oa, 1/3) : {a, /3) G C}. 

Theorem 4.26. Let n e N and (ri,..., r„) G (Qfl (0, !))"■. If {Oa', 1/3') G o ... op^^(C') 
then [T(^a',y'),c!'(a',i 3 ')) is intrinsically ergodic. 

00 

Proof Let (a, /3) G C. Consider A' = f) o ... o p^^(S(„,/ 3 ))). Since (T‘{a, 0 ), cr(a, 0 )) 

m=—oo 

is coded, a similar argument as the one used in Theorem 14.171 implies that AI is a trans¬ 
itive component. Moreover, observe that cr(a^^)) is topologically conjugated to 

(A', cr^V''^"). Then, there is a unique measure of maximal entropy for (A', a^V"''^"). We 
call such measure /r^/. As in Theorem 14.Ill we extend such measure to a measure /X(o',/3') ^ 
M(<^(q',/ 3 ') by considering 

P{a', 0 ’)iU) = PA'ifJ n A'). 

To show that p^(a', 0 ') is the unique measure of maximal entropy it suffices to show that A' 
is the unique component of maximal entropy of We claim that (S(„/^y 3 /)) has to 

transitive components, namely A' and B' = It is clear that B' is a transitive 

component. Assume that {jl{a, 0 )^cr{a, 0 )) posses another transitive component C with 
positive topological entropy. This implies there is M G M such that 

00 

C C Pr„ O . . . O 
j=M 

where {aj,(3j) is the sequence constructed in [3l Theorem 5.21, Lemma 6.1]. This implies 
that {pr^ o ... o prJ“^(C") C for every j > M. Furthermore, 

00 

n O . . . o p,^)-\C')) 

m=—oo 

is a transitive component for [Ti(aj, 0 j),o'(aj, 0 j)) for every j > M. This contradicts that 
is codcd. Tlius, C" = 0 which concludes the proof. □ 

To hnish the proof of Theorem 14.11 it is just need to show that n-renormalisation boxes 
cover Di as we state in the following theorem. 
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Theorem 4.27. 

OO 

ir-HO,) n CW = [j U [J (BJ.,1.) Up., o... op,. (C')). 

n=0 (ri...r„)eQn(0,l) {a,/3)££ 


Proof. Let 

OO 

(Oo', 1/3') e IJ IJ IJ . 

n=0 (ri...r„)GQn(0,l) {a,fi)&E 

Then, there exist n > 0, (ri,...,r„) G (Q fl (0,1))” and an essential pair (a,/!) with 
associated pair (ca, v) such that (Oa', 1/3') G • •°Pr„(C'). From Theorem 

14. 201 and the fact that dimi^(S(Q,/^^/)) = have that (Oa', 1/3') G 7r“^(Zli)n£>V'. 

Assume now that (Oa', 1/3') G 7r“^(Zli) fl £>V'. From Theorem 14.51 it suffices to consider 
(Oo, 1/3) G 7r“^(Zli \ Di) n £W'. Then, there is r G Q fl (0,1) such that (Oa, 1/3) G 
X Moreover, since dimj:/(S(Q,/^^/)) > 0 and [IHl Theorem 1.2] we 

have that 1/3 -< x(Oct)- From [3l Corollary 5.15] we have that (a',/3') is renormalisable by 
ir)Cr- Let ri = r and consider (pp)“^(0a', 1/3'). Observe that 

(p,)-i(0a', 1/3') G n CW'. 

Then we have that 

OD 

(Oo', 1/3') G IJ J J .,.^)(a;,z/)Up^„o...op,.JC')) . 

n=0 (ri...r„)eQn(0,l) (a,/3)e£ 

We claim that there exist n e N, (ri,... r„) G (Q fl (0,1))” and (a", /3'') such that 

(Oa, 1/3) = o ... o pr,(0a", 1/3"). 

Suppose that such n does not exist. Then (a',/3') is infinitely renormalisable. Then, 
from m Theorem 2.13] we have that htop{(J{a',/ 3 ')) = 0 which contradicts that (a',/3') G 
7r“^(Zli) n£>V'. Suppose that such n G M exist and assume that n is maximal. This gives 
that there is (ri,.. .r„) G (Q fl (0,1))” such that (Oa, 1/3) = pr„ o ... o pr^(0a", 1/3"). If 
Oa", 1/3" ^ 7r“^(Zl2) OLW'. Then there is r G QO (0,1) such that Oa", 1/3" G i^rC“]_. x 
C“]^, which contradicts the maximality of n. Thus 


(0a',l/3')Gj J J ,.^)(a;,z/)Up^„o...op^JC')). 

n=0 (ri...r„)GQn(0,l) {a,f3)e£ 


□ 


Then, Theorem 14.11 follows from [H Theorem 3.2, Theorem 3.20], Lemmas 14.21 14.61 
Theorems 14.11114.241 and I4.271 
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Non intrinsically ergodic attractors in Di\D 2 - We end the section constructing a countable 
family of non transitive subshifts that are not intrinsically ergodic. Recall that a; = 01 and 
z/fc = 100(10)^ for some k>t) and consider {ak,/3k) € CW given by 

Oa = cjz/^and 1/3 = 


or 

Oa = Iw°°and 1/3 = uJT^. 


Theorem 4.28. Let n eN, (ri... r„) G (Q fl (0, !))"■ and let (o', /3') G £>V satisfying that 

Oa = o • • .opr^{uu^) 

and 

1/^ = o • • • o Pn 
or 

0a = pr^o .. . 

and 

1/^ = O • • • O pr^{un7k^). 

Then is not intrinsically ergodic. 


Proof. From Theorem 14.141 we have that {T(^a,i 3 )j(^{a,y)) is not intrinsically ergodic since 
there are two transitive components A and B such that htop{cr |^) = htopicr |b). Then by 
Theorem 14.201 and Lemma 14.211 we have that htopicr U') = htop^cr |b')- Thus, as we showed 
in Theorem 14.141 we have there are two invariant measures with disjoint supports 

such that 


hiQpijJ ((^1 gif). 


□ 
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